Abstract. We investigate a scenario where dark matter (DM) particles can be captured and accumulate in the Sun, and subsequently annihilate into a pair of long-lived mediators. These mediators can decay further out in the Sun or outside of the Sun. Compared to the standard scenario where DM particles annihilate directly into Standard Model particles close to the solar core, here we also obtain fluxes of gamma rays and charged cosmic rays. We simulate this scenario using a full three-dimensional model of the Sun, and include interactions and neutrino oscillations. In particular, we perform a model-independent study of the complementarity between neutrino and gamma ray fluxes by comparing the recent searches from IceCube, Super-Kamiokande, Fermi-LAT, ARGO and HAWC.
Introduction
Dark Matter (DM) accounts for about 85% of the total matter density in our Universe [1] . Yet its particle nature and properties remain elusive despite a wealth of astrophysical/cosmological evidence to support its existence. Although a recent discovery of the long-awaited Higgs boson [2, 3] has completed the Standard Model (SM) of particle physics, it has been unsuccessful in offering viable particle DM candidates. Thus, theorists have focused instead on studying theories beyond the SM, e.g., supersymmetry [4] . One popular class of particle DM candidates include Weakly Interacting Massive Particles (WIMPs) [5] . Not only do they appear naturally in well-motivated theories beyond the SM, e.g., supersymmetric models with a neutralino WIMP, a GeV-TeV scale WIMP with a weak-scale interaction cross-section can accurately reproduce the observed DM abundance. For recent reviews, see refs. [6] [7] [8] .
To probe the particle nature and properties of DM as well as their potential interactions with ordinary matter, various detection strategies are employed. These range from direct searches [9] [10] [11] for an elastic scattering of DM particles off nucleons in deep underground laboratories (e.g., PandaX-II, LUX, XENON1T), indirect searches [12] [13] [14] [15] for signs of DM annihilation in high-density regions of the Universe (e.g., Galactic Centre, dwarf spheroidal galaxies, Sun) using ground/space-based telescopes (e.g., H.E.S.S., Fermi-LAT, HAWC, AMS-02, IceCube), and direct production of DM particles at the LHC (collider searches) [16] [17] [18] [19] . All of these provide complementary limits on the allowed particle DM models. mediator decays Figure 1 . An illustration of how the solar DM searches are affected when DM particles do not annihilate directly into SM particles but rather into a pair of long-lived mediators which decay further away from the solar core. Decays away from the centre reduce the impact of neutrino interactions with the solar materials. In particular, decays outside the Sun opens up a new window to searches for gamma rays and charged cosmic rays.
In our local DM halo, DM particles can be gravitationally captured by the Sun and accumulate at its centre [20, 21] . The capture of DM particles is initiated by a scattering process where they lose enough energy to fall below the escape velocity of the Sun, and thus become gravitationally bound to it. In subsequent scatterings with the solar material, they lose more energy and eventually sink to the centre of the gravitational well where they can thermalise and annihilate into SM particles. As both the scattering leading to capture and the annihilation depend on cross sections of a DM model, searching for annihilation products from the Sun can probe the particle nature of DM.
In general, DM particles can annihilate into various SM particles that can decay or hadronise into stable decay products, e.g., gamma rays, neutrinos and/or charged particles. Out of these, only neutrinos can escape the dense core of the Sun and give rise to an observable DM signal that can be detected using Earth-based telescopes. In this respect, neutrino telescopes offer a unique way of searching for a DM signal from the Sun. However, neutrinos from DM annihilation near the solar core have to pass through much of the solar material on their way out of the Sun. Due to the neutral-current (NC) and charged-current (CC) neutrino-nucleon interactions, the neutrino fluxes are significantly attenuated for energies above ∼ 100 GeV. Thus, traditional solar DM searches at neutrino telescopes [22] are limited to neutrino energies in the range 1-1000 GeV.
In this paper, we will investigate a scenario that goes beyond the usual WIMP scenario by assuming that our DM particles χ do not annihilate directly into SM particles, but instead into long-lived mediators Y that subsequently decay into SM particles, see figure 1 for an illustration. We typically get this phenomenology in secluded DM models [23] [24] [25] [26] [27] [28] [29] . This scenario has been studied in more general scenarios for the Sun in refs. [30] [31] [32] [33] [34] [35] , but here we will extend previous analyses and provide a tool for future studies.
With long lifetimes, the mediators can propagate away from the point of DM annihilation in the Sun before they decay. As the solar DM density falls (approximately) exponentially with the solar radius, the resulting neutrino fluxes suffer from much less attenuation due to CC interactions than in the standard WIMP scenario. This leads to an enhancement of the neutrino flux [30] that extends up to higher neutrino energies even for decay lengths shorter than the solar radius. This enhancement has major implications for neutrino telescopes as their sensitivity approximately scales as the square of the neutrino energy. In addition, for mediator decay lengths comparable to or larger than the solar radius, gamma rays and charged cosmic rays can also escape the Sun and be observed at the Earth. In the standard scenario, these final states are not observable as they are immediately absorbed by the solar material after their production in the Sun. Thus, a measurement of a positive signal in the direction of the Sun by both neutrino and gamma ray/cosmic-ray detectors can point towards the long-lived mediator scenario.
A specific realisation of the long-lived mediator scenario in the context of DM models is the dark photon model [26, [36] [37] [38] . In these models, DM particles can be collected at the centre of the Earth/Sun where they can annihilate into dark photon pairs. These dark photons can reach the surface of the Earth/Sun where their decays can lead to observable fluxes of gamma rays, neutrinos and charged cosmic rays. Recent studies have shown that some parts of the model parameter space can be explored using the current generation of neutrino and spacebased cosmic-ray instruments [35, 39, 40] . In fact, the proposed sensitivity of these searches can probe new parts of the parameter space compared to beam dump experiments [41] [42] [43] , Big Bang Nucleosynthesis [44] , 1987A supernova cooling [45] [46] [47] and direct DM searches.
In this paper, we will work in a model-independent setup instead of focusing on concrete long-lived mediator models. We will assume that our DM particle physics model contains a DM particle χ that annihilate into a long-lived mediator Y . We assume that there are processes (either through Y exchange or other processes) that facilitate scatterings of χ in the Sun so that we get capture and annihilation of χ in the Sun. We will then set up a simulation framework where we allow for the (boosted) mediator Y to decay further out in the Sun or outside of the Sun, and produce neutrinos, gamma rays and charged cosmic rays. For neutrinos, we include interactions (both NC and CC scatterings) and oscillations in a full three-flavor setup. Our simulation tools are released as a new version of the WimpSim code [48] [49] [50] , version 5.0, that can be used for phenomenological work or as an event generator for experimental studies.
We will here focus on the relation between the gamma ray and neutrino fluxes, and leave the charged particle fluxes for a future study. The charged particles are affected by magnetic fields and hence propagation uncertainties, warranting a propagation model that falls outside the scope of the current article. Using the mediator mass, DM mass, boosted mediator decay length and decay channel as the relevant parameters of interest, we show the effects of their variation on the resulting muon neutrino and gamma ray fluxes at the Earth. In situations where a sizeable gamma ray signal is expected, we also test the complementarity between the neutrino and gamma ray signals. This allows us to identify regions in the parameter space where these searches can provide the strongest sensitivity to the long-lived mediator scenario.
Limits on the long-lived mediator scenario from solar DM searches using neutrinos have previously been placed by the ANTARES collaboration [34] and from the IceCube 79-string data [35] . In both studies they focus on mediator decays that mainly lead to a neutrino signal. As we are primarily interested in the complementarity with a gamma ray signal, we focus mainly on decay channels that give rise to significant amounts of neutrinos and gamma rays. We will however also investigate the muon channel studied in refs. [34, 35] as even in this scenario, we expect some gamma rays due to final state radiation from the Y → µ + µ − decay. Other limits come from ref. [32] where both gamma ray and neutrino signals are considered, and ref. [33] where HAWC limits on the solar gamma ray flux are used. Table 1 . Parameters used in our analysis to describe the spectra of neutrinos and gamma rays from long-lived mediator decays.
these studies, we complement the analysis, in particular by considering other values for the mediator decay length (where our inclusion of the effect of neutrino interactions in the Sun is crucial for short decay lengths), and by investigating the complementarity between gamma ray and neutrino searches more explicitly. The rest of the paper is organised as follows. In section 2, we define the relevant model parameters, and outline key observations and constraints for the long-lived mediator scenario. After giving a brief review of the standard WimpSim code in section 3, we discuss our new additions for the long-lived mediator scenario. Sections 4 and 5 describe how we perform our simulations and extract neutrino and gamma ray limits on the DM annihilation rate respectively. Our final results such as the effects of varying the boosted mediator decay length and its mass on the muon neutrino fluxes, and complementarity between gamma ray and neutrino searches are presented in section 6. We conclude in section 7. In Appendix A, we provide more details on our method for extracting the neutrino telescope limits in the long-lived mediator scenario.
Model definition and constraints

Model definition
Using a phenomenological approach, we do not model the details of the dark sector. Instead, we focus on the parameters that are needed to obtain the spectra of neutrinos and gamma rays from the long-lived mediator decays, and to compare them against experimental searches. In a study of a specific particle physics scenario, one can constrain the fundamental parameters by mapping them onto the ones we use in this study.
In table 1, we show the parameters that we use in our study. The DM mass m χ sets the absolute scale of the spectrum and limits the maximal energy in a DM annihilation. The main importance of the mediator mass m Y is to determine the kinematically allowed decay channels -it has a smaller impact on the spectrum shape than the other parameters, as we will show in section 6. We parametrise the mediator lifetime by the parameter γL, i.e., the Lorentz boosted vacuum decay length L, defined as
where τ 0 is the vacuum lifetime and γ = m χ /m Y is the Lorentz boost of the mediator for DM annihilations at rest. For the mass combinations that we are interested in, the mediators are (in general) highly boosted when they emerge from the DM annihilation. Thus, the combination γL is a phenomenologically more relevant parameter to use than the vacuum lifetime or decay length. We assume that the mediators decay with a 100% branching ratio into a chosen SM decay channel of interest. As the decay channel changes the spectrum of neutrinos and gamma rays rather significantly, we also leave it as a free parameter in our analysis. The above parameters are sufficient to obtain the spectra of neutrinos and other particles of interest per annihilation. To compare against experimental searches, we must also know the DM annihilation rate in the Sun, denoted by Γ A . This rate can in principle be calculated from DM scattering and annihilation cross sections by analysing how DM particles are captured in the Sun. We do not consider the scattering and annihilation cross sections in this study. Instead, we assume that for a given set of model parameters, there exists some combination of cross sections that results in a DM annihilation signal from the Sun with rate Γ A .
Relevant observations and constraints
We will consider below the limits that the experimental data sets on the annihilation rate of DM particles in the Sun in the long-lived mediator scenario. As we focus on neutrinos and gamma rays, we use data from the IceCube telescope [22] and Super-Kamiokande [51] for the case of neutrinos, and observations from Fermi-LAT [52, 53] , HAWC [33, 54] and ARGO [55] for gamma rays.
The existence of a high energy solar gamma ray flux is now well established from analysis of EGRET and Fermi-LAT data [52, 53, 56, 57] . Apart from a possible DM signal, the observed flux at high energy is expected to be composed of two known mechanisms that are backgrounds for a DM search: one where gamma rays are produced in the cascades formed when cosmic rays hit the outer parts of the Sun [58, 59] , and another where gamma rays are produced in inverse Compton scattering by cosmic ray electrons on sunlight [60] [61] [62] . The former mechanism also produces a neutrino flux [49, 58, 63, 64] which will act as a background for neutrinos from DM annihilations. If a high energy neutrino signal from the Sun is also observed, the relationship between the neutrino and gamma ray fluxes can potentially be used to distinguish a DM signal from these backgrounds.
The observed flux of gamma rays from the Sun is however not completely understood: the flux is significantly larger than the available theoretical predictions and in addition, it possesses unexpected spectral properties [53, 65] . It is expected that the solar magnetic field impacts the gamma ray signal from cosmic ray interactions by mirroring some of the cosmic ray cascades back towards the Earth, which may explain the discrepancy. Nevertheless, the explanation of the observed flux is currently incomplete.
The mediator lifetime is also constrained by Big Bang Nucleosynthesis (BBN) as a large lifetime can lead to prohibitively high levels of energy injection in the thermal plasma [66] . In our results, we show a region excluded for a BBN limit of τ * = 1 s. We caution however that the BBN limit on the lifetime varies greatly depending on the decay channel and abundance of the mediators in the early Universe. An assessment of the abundance, in particular, requires a knowledge of the DM and mediator production mechanism which is beyond the scope of the general approach we take in this study. The BBN limit constrains the parameters in our setup as
where τ * is an upper limit on the mediator lifetime from BBN. This expression can be rewrit-ten in terms of the DM mass, the mediator mass and its boosted decay length as
In section 6, we will indicate this limit in our plots assuming τ * = 1 s.
In principle, the long-lived mediator scenario can be constrained by searches for longlived particles at the LHC. However, as we are primarily interested in scenarios where the decay length is large, we expect the coupling to SM particles to be small and hence the production cross sections at the LHC to also be small and escape detection.
Other limits on the long-lived mediator scenario can come from indirect DM searches, such as searching for effects of DM annihilation on the cosmic microwave background radiation or for gamma rays from astrophysical sources [67] . In the scenario we consider in this paper, we work in a model-independent framework where neither the annihilation nor the scattering cross section is specified. Although we will set limits on the DM annihilation rate in the Sun, Γ A , we cannot compare to or set limits on the annihilation cross section since the relationship between Γ A and the annihilation cross section is not one-to-one, but depends on the solar DM capture rate, which we do not consider here.
Methodology
The WimpSim code can simulate DM annihilations in the Sun, take care of neutrino interactions and oscillations on their way out of the Sun and to the Earth, and simulate neutrino interactions at a neutrino telescope. Here we will use this code, but update it to version 5.0 to also handle our long-lived mediator scenario. We will include neutrino interactions and oscillations, a fully three-dimensional model of the Sun and Pythia-6.4.26 [68] for particle decays and hadronisation. We briefly review what the WimpSim code can do and then describe our new simulation framework.
Review of the WimpSim code
Here we describe the standard WimpSim code [48] [49] [50] for general DM annihilations. In the next subsection, we address the modifications done to handle the case of long-lived mediators.
WimpSim is a Fortran code that simulates neutrinos from DM annihilations in the Sun and the Earth, where Pythia-6.4.26 is used to simulate the DM annihilation and the decay and/or hadronisation of the annihilation products. The annihilation point is taken from a probability distribution which assumes that the DM follows a thermal distribution (which has recently been shown in ref. [69] to be a very good approximation). For the Sun, it then takes care of propagation of neutrinos out of the Sun, and includes CC and NC interactions, and oscillations (in a full three-flavour setup) [48] . In case a CC interaction takes place that produces a tau lepton, it then lets the tau lepton decay and includes the resulting neutrinos in the subsequent propagation. It can then propagate the neutrinos to the Earth (including vacuum oscillations), let them interact near the detector and produce muons (or other leptons and hadronic showers) that can be detected by a neutrino telescope such as IceCube or SuperKamiokande. A similar procedure is handled for annihilations in the Earth.
WimpSim is fully event based and follows each neutrino from the creation to the interaction near the detector. It generates output in the form of summary tables (suitable for further phenomenological studies) and event files (suitable for neutrino telescope Monte Carlos). For the summary files, the end result is very similar to the results in ref. [70] . To be flexible, mediator decay DM ann. The resulting decay chain contains neutrinos and other particles of interest that travel towards the Earth. We obtain fluxes of these particles using our code. The impact parameter b indicates how far out the particle from the mediator decay is from the Earth-Sun axis (in units of R ). For instance, b = 1 gives a path that just grazes the solar edge, whereas b = 0 is a path through the solar core. The length specifies how far along the path (defined by b) the particle is as measured from the line that goes straight out from the core such that = 0 is the point in the upper left (right angle) corner of the triangle in this figure.
WimpSim is split up into two parts, WimpAnn that takes care of the DM annihilations and propagation out of the Sun and to 1 AU, and WimpEvent that takes care of the final propagation and interactions near the detector. In this latter program, one can create simulations for detectors at different locations on the Earth and for different time periods.
In an earlier study [49] , some of us (CN, JE) investigated neutrinos from cosmic ray interactions in the Sun which resulted in a modification to WimpSim by an addition of a new module to be run before WimpEvent. In the current paper, we adopt a similar approach by adding a new module for long-lived mediator decays.
Simulation of the long-lived mediator scenario
To make it possible to simulate long-lived mediator decays in WimpSim, we have included a new particle that represents the mediator with a mass and decay channel as specified by the user. For the long-lived mediator scenario, we then call a different event generation routine in WimpSim that generates two boosted mediator decays for each DM annihilation.
In figure 2 , we show the geometry of our setup. The DM particles annihilate at a point near the solar centre into two long-lived mediators which travel some distance before they decay into a pair of SM particles. We parametrise the path of these particles from the mediator decays with coordinates b and where b is the impact parameter (i.e., the perpendicular distance from the solar centre to the path), and is the length along that path as measured from a point straight outwards from the centre (the upper left corner of the triangle in figure 2 ). Thus, can be positive or negative, but it always increases as particles propagate towards the Earth.
Relative to their production at the DM annihilation point, we let the mediators propagate a distance before they decay, with this distance sampled from an exponential decay distribution
where γL is the boosted decay length of the mediator and Y is the length travelled by the mediator from the annihilation point. We assume that the mediators propagate without scattering on the solar material. At the decay point (inside or outside the Sun), we let the boosted mediator decay into a decay channel specified by the user and use Pythia-6.4.26 to simulate the decay. In each mediator decay, we collect all neutrinos and store them as individual events. We do not assume that neutrinos travel along the path of the mediator (although this is a good approximation for large boost factors) and take into account the spreading around the mediator direction. This is however only relevant in isolated cases, e.g., when m χ ∼ m Y such that γ ∼ 1, so that the decay products are emitted with large separation angles. The spreading around the mediator direction will have the effect that the neutrinos encounter a different integrated column density when exiting the Sun compared to the onedimensional approximation, which changes the amount of absorption and hence the observed neutrino flux.
In some cases, mediators will decay at a position further away from the Sun than 1 AU, resulting in particles that cannot be seen at Earth. In particular, the fraction of such decays for large γL is significant. In our simulations, we do not keep particles that come from mediator decays happening further away than 1 AU.
Hadrons containing heavy quarks travel some distance and lose energy before they decay. Thus, if a neutrino is formed in the decay of a hadron containing bottom or charm quarks, we reduce its energy according to the treatment outlined in ref. [71] . As the interaction lengths depend on the density of the solar material at the point where these hadrons are produced, we scale the interaction lengths properly to account for mediator decays happening away from the solar centre. We also make sure that pions, kaons and muons formed in mediator decays happening outside the Sun decay (inside the Sun, these are quickly stopped and only give rise to low-energy neutrinos which we are not interested in). The resulting neutrinos are then allowed to interact and oscillate on their way to Earth as per the standard treatment in WimpSim (see subsection 3.1).
For mediator decays outside the Sun, a visible signal of gamma rays and charged cosmic rays can be produced. We construct histograms in kinetic energy for positrons, antiprotons and gamma rays coming from decays outside the solar surface (i.e., we do not save these particles as individual events). Antiprotons often come from decays of antineutrons which for most energies have a boosted decay length larger than 1 AU. Thus, they travel a significant distance from the point of the mediator decay before their decay. Due to this fact, we require that antiprotons are produced before 1 AU. For charged particles, magnetic effects from the Interplanetary Magnetic Field are not taken into account. In this study, we focus primarily on neutrinos and gamma rays, and leave the study of charged cosmic rays from long-lived mediator decays for future work.
As a validation of our implementation, we have compared against the standard DM annihilation scenario, for which WimpSim has been extensively tested. In the standard scenario, DM particles annihilate into short-lived particles. In the long-lived mediator scenario, we can recover the standard scenario by taking the limit of γL → 0 and γ → 1 (i.e., m χ = m Y ), ending up with mediators decaying at rest at the DM annihilation point. However, as the Table 2 . Neutrino oscillation parameters used in our simulations. These are based on the best-fit values from NuFit-3.2 [72] in the normal mass hierarchy.
kinematics are different in χχ → 2 SM and χχ → Y Y → (2 SM) (2 SM), one also has to change the DM mass by a factor of 2. Furthermore, as there are two mediator decays per DM annihilation, one also has to divide the resulting flux by a factor of 2 when taking this limit to obtain the same neutrino flux. We have checked that the simulated neutrino fluxes are indeed identical in this limit.
Simulation setup
In this section, we summarise the various settings used in our numerical simulations of the the long-lived mediator scenario. Apart from numerical values of the parameters in table 1, these include our choice for the neutrino oscillation parameters, solar model and the neutrino detector properties.
In our simulations, we use for the neutrino oscillation parameters the best-fit values from NuFit-3.2 [72, 73] ; these are also summarised in table 2. We only consider normal mass hierarchy; a detailed study of different oscillation scenarios is beyond the scope of our study.
The mass differences give rise to oscillations as the neutrinos propagate from their production at the Sun to the Earth. We can define oscillation lengths λ ij that determine the characteristic length of these oscillations, one for each of the ∆m 2 ij . In the approximation that only vacuum oscillations are relevant, these lengths are given by
where effectively we have two oscillations lengths (as ∆m 2 32 ≈ ∆m 2 31 ). Broadly speaking, we expect neutrino oscillations to be visible in the spectra when λ ij 1 AU, which defines a characteristic energy scale for each λ ij that marks this transition. There is also a transition at lower energies, below which oscillations are washed out in the spectra when λ ij becomes on the order of the size of the production region. For each λ ij , we can then separate into three energy ranges: energies low enough that λ ij is comparable to the size of the neutrino production region and oscillations wash out; intermediate energies where oscillations are visible in the spectra; and high energies so that the λ ij are large compared to 1 AU, and oscillations do not develop during the propagation between the Sun and the Earth.
For the neutrino interactions and oscillations we need a solar model. In our analysis, we use the default solar model in DarkSUSY-6, which is the one by Serenelli et al. [74] . Table 3 . Simulation parameters for studying the effect of varying γL/R where γ ≡ m χ /m Y = 50 (Scenario A), the effect of varying the mediator mass m Y (Scenario B), the effect of using a full threedimensional (3D) treatment of the mediator decay geometry (Scenario C), the gamma ray-neutrino comparison (Scenario D), and the muon channel to compare against a previous work [35] (Scenario E).
In table 3, we summarise our choice for the simulation parameters used to study various scenarios. Each of these scenarios are described in more detail below.
Varying γL/R (Scenario A): In this scenario, we study the effect of different mediator boosted decay lengths γL on the muon neutrino and gamma ray fluxes at 1 AU. This is done for both a soft (bb) and hard (τ + τ − ) decay channel. A DM mass of 1000 GeV is chosen to illustrate the impact of CC and NC interactions with the solar material on the neutrino fluxes. Thus, for large γL values, a higher neutrino flux is expected as neutrinos suffer less absorption and interactions on their way to the solar surface.
Varying m Y (Scenario B): This scenario is used to test the importance of the mediator mass m Y on the muon neutrino and gamma ray fluxes at 1 AU. The simulation parameter used are based on ref. [32] . There it was pointed out that the mediator mass has a small effect on the gamma-ray fluxes. We check this point for both the muon neutrino and gamma ray fluxes.
3D treatment (Scenario C):
In all our simulations, we take into account the fact that the decay products of the mediator do not follow exactly the trajectory of the decaying mediator. To test the effect of the 3D treatment relative to the 1D approximation where one assumes the same trajectory for the mediator and the decay products, we simulate the same scenario with our standard 3D treatment and the 1D approximation. As the relative angle between the mediator and its decay products is on average larger for a smaller boost γ of the mediator, we study a scenario where γ = m χ /m Y ∼ 1. The spread in the neutrino direction in the 3D treatment causes the neutrinos to pass through a different amount of solar matter as compared to the one-dimensional approximation.
As we expect a large difference in the case of higher neutrino absorption, we choose a relatively large m χ , let the mediator decay to τ + τ − and choose a relatively small value for γL. 1 γ-ν comparison (Scenario D): As we make comparisons between gamma ray and neutrino searches, we also made a set of special simulations for this purpose. For this scenario, we focus on the range of parameters where we expect to see interesting effects, with two mediator masses (m Y = 20 GeV, 4 GeV) and for each one a wide range of DM masses and γL values. We have chosen points more or less evenly distributed in the logarithm of m χ and γL but with a slightly denser grid around γL 0.1 R .
Muon channel (Scenario E):
This scenario is very similar to scenario D, except that we focus on lighter mediator masses and mediator decays to µ + µ − . This simulation goes up to higher γL values as we want to compare our results against those in ref. [35] .
For scenarios A-C, we generate neutrino and gamma ray fluxes at 1 AU from the Sun, i.e., the average Sun-Earth distance. For scenarios D-E, when we compare against neutrino searches, we propagate the neutrinos all the way to the detector and generate neutrino-nucleon interactions at the detector. For simplicity, these simulations are performed for a detector at the South pole, with ice as the detector medium and averaged over the austral summer. For Super-Kamiokande, this introduces a small error of the order of 10%, which is smaller than errors from other approximations used in our study. In all of our simulations, we have included final state radiation from charged particles, which will prove to be important especially in scenario E.
We also made special scans for regular WIMP particles that cover the same set of WIMP model parameters as in the IceCube [22] and Super-Kamiokande [51] analyses. These are used to be able to relate their limits on neutrinos from WIMPs to more general DM (see Appendix A). For simplicity, we also ran these simulations for a detector at the South pole, averaging over the austral summer.
Analysis of neutrino and gamma ray limits
Here we describe our method used to extract upper limits on the DM annihilation rate Γ A using the data from neutrino and gamma ray telescopes. This allows us to show the complementarity between neutrino and gamma ray searches in parts of the parameter space.
To study the complementarity between neutrino and gamma ray searches, we look at a region in the (γL, m χ ) plane for fixed mediator masses m Y . For each (γL, m χ ) point in this plane, we calculate the current limit on the DM annihilation rate from neutrino and gamma ray searches respectively. For neutrinos, we use the results from IceCube [22] and SuperKamiokande [51] , whereas for gamma rays, we use observations from Fermi-LAT [52, 53] , HAWC [33, 54] and ARGO [55] .
The spectrum of a neutrino signal from long-lived mediator decays can differ quite significantly from a spectrum in the standard DM annihilation scenario. Thus, we use the method outlined in Appendix A to generalise the published limits on DM annihilation in the Sun to also be applicable for other spectra, like our mediator decay spectra considered here. For IceCube, we expect this method to be good to about a factor of 2, whereas for Super-Kamiokande we expect the method to be good to about 25%. Even though a proper full analysis by the experimental collaborations should be able to produce more accurate limits, we will see below that this is good enough for our purpose here. This is due to a very strong γL dependence (in the region of interest) of our gamma ray fluxes that makes small uncertainties in the way we extract limits less important.
For the gamma rays, we estimate approximate limits by just assuming that the measured gamma ray flux is an upper limit on the contribution from mediator decays from the Sun. This is rather conservative as we know that there are other sources of the gamma ray flux, namely cosmic ray interactions in the solar atmosphere and inverse Compton scattering of electrons on solar photons. However, as the measured gamma ray flux from the Sun is not fully understood, we will just assume that our gamma ray flux from mediator decays cannot be larger than the measured fluxes.
For both the neutrino and gamma ray fluxes, our WimpSim simulations will give us an estimate of the neutrino and gamma ray flux per annihilation. By comparing against the limits as outlined above, we can then translate this into a limit on the DM annihilation rate in the Sun, Γ ν A and Γ γ A respectively. For this comparison, we define the ratio
The stronger the limit, the lower the respective value of Γ A will be. Hence, η > 1 will mean that the gamma ray limit is stronger, while η < 1 will mean that the neutrino limit is stronger. For the gamma ray fluxes, we can use a simple analytical scaling to convert the flux between different γL values. This is because the spectrum is just the fully decayed spectrum from Pythia, normalised to account for the probability that the decay happens between the Sun and Earth. 2 For a given γL, the probability for the mediator decaying between the solar surface and 1 AU is given by the exponential decay probability in eq. (3.1) integrated between R and the Earth, e.g. for γL = R , ∼ 37% of the mediators are expected to decay outside the Sun and contribute to the visible gamma ray signal. The spectra for different γL values are then related by the ratio of their respective decay probabilities. Thus, one can obtain the spectrum at one value of γL by scaling the flux at another γL value with the ratio of the two probabilities.
The above scaling neglects the small effect from the fact that DM particles annihilate in a region around the centre of the Sun, and assumes that mediators travel from the centre of the Sun and radially outwards. The size of the annihilation region depends on the DM mass but is typically confined to at most a few percent of the solar radius. We therefore expect this to affect the scaling procedure only for γL/R values of the order of a few percent. However, in this case, the tail of the probability distribution that we integrate over in eq. (3.1) is (in any case) so small that the gamma ray flux is negligible.
In our figures that show η and limits on Γ A from gamma ray searches in the (γL, m χ ) plane (see section 6), we have (to get better statistics) scaled our results for the gamma ray fluxes from our γL/R = 1 simulations to lower γL values according to the probability of the mediator to decay outside of the Sun. We have verified that we get the same result (but noisier) when using simulations without scaling for lower γL values.
Results and discussion
In this section, we show results from our WimpSim simulations. We show in the first part (sections 6.1, 6.2 and 6.3) the effects of varying the mediator boosted decay length (γL), decay channel, mediator mass (m Y ) and our full three-dimensional direction of the decay products on the muon neutrino and gamma ray fluxes. We do not add together the muon neutrino and antineutrino fluxes in our plots, but show specifically the flux of muon neutrinos (the total ν µ + ν µ flux is approximately twice that of ν µ alone). As the figures in sections 6.1, 6.2 and 6.3 are mainly intended to illustrate the dependence on the various parameters in our setup, we show the fluxes at the average Earth-Sun distance of 1 AU rather than the fluxes in an actual detector on Earth (where the eccentricity of the Earth's orbit and the time during the year when the observations take place would be taken into account). We have checked that all of our parameter choices for scenarios A, B and C in table 3 satisfy eq. (2.3) for the BBN limit τ * = 1 s.
We also show results in section 6.4 that demonstrate the complementarity between gamma ray and neutrino signals, illustrating where in the (γL, m χ ) plane (for fixed mediator mass) a particular type of search provides the strongest sensitivity. In all cases, we consider 2 decay channels for the mediators: one with a harder energy spectrum for the neutrinos (τ + τ − ), and another with a softer energy spectrum (bb). As for the BBN constraint in eq. (2.3), we indicate the regions in our 2D plots where this constraint is violated.
Finally, in section 6.5, we show results for the decay channel Y → µ + µ − and compare with a previous study [35] of this scenario.
Effect of varying the boosted decay length γL
In figure 3 , we show the effects of varying γL on the muon neutrino fluxes for the parameter values corresponding to scenario A in table 3. In general, we can see that the flux increases as γL increases, in agreement with a previous study [30] . This is expected as for larger γL, neutrinos have a larger probability to be produced further out from the solar core and thus are subject to less absorption.
We can also clearly see the effect of neutrino oscillations in figure 3 . In terms of the oscillation lengths λ ij in eq. (4.1), we mostly see the effect of oscillations due to λ 21 in this energy range, which appear clearly for E ν 200 GeV. The oscillations due to λ 3i mainly show up at higher energies and mostly average out in figure 3, although they are causing the small wiggles at the highest z shown. The oscillations are dominated by the vacuum oscillations between the Sun and 1 AU.
For comparison, we also show the corresponding gamma ray fluxes at 1 AU in figure 4 . Again, we can see an expected rise in flux when γL is increased. Although the gamma ray flux only receives a contribution from mediator decays outside the Sun, there is still a nonnegligible gamma ray flux also for γL/R < 1 as there is a non-zero probability of mediator decays happening outside the Sun. However, for γL 0.1 R , this probability is so small that the resulting gamma ray flux is negligible.
As γL is increased for fixed values of the remaining parameters, the flux will continue to increase until it reaches a maximum, and then for some γL/R > 1, it will start to decrease. This is due to a competition between the increased flux from more mediators decaying outside the Sun, and a decrease in flux due to more and more decays happening further away than 1 AU. For some value of γL, the flux is therefore maximised. 
Effect of varying the mediator mass m Y
In figures 5 and 6, we show the effect of varying the mediator mass (m Y ) on the muon neutrino and gamma ray fluxes at 1 AU. We can see that in accordance with the conclusions in ref. [32] , the fluxes are not very sensitive to the value of the mediator mass. However, there are some differences especially in the case of the bb decay channel, where the flux is softened for higher mediator mass, due to more particles being produced in the hadronisation. In comparison with figure 3, we can see in figure 5 the effect of neutrino oscillations due to higher neutrino energies, especially in the right panel for the τ + τ − decay channel. Apart from the oscillations due to λ 21 , showing at low z ≡ E/m χ , we clearly see the impact of oscillations due to λ 3i for z 0.4.
We also emphasise that the neutrino flux from a long-lived mediator decay is not suppressed by neutrino absorption in the Sun to the same extent as in the standard scenario. This absorption leads to an almost complete suppression of the neutrino flux above neutrino energies of ∼ 1 TeV in the standard scenario, regardless of the value of m χ , whereas in the long-lived mediator scenario there is a significant flux also at higher energies, as evident in figure 5 . Here the flux extends up to several TeV in neutrino energy. This leads to a significant increase in the expected event rate in neutrino telescopes and much more sensitivity to larger m χ , due to the fact that these telescopes are most sensitive to high energy neutrinos.
Effect of a full three-dimensional decay treatment
We use the full three-dimensional direction in all our simulations. As we do not save the individual positions for gamma rays and charged particles from the decays, this effect is relevant only for neutrinos, where we follow the trajectory of each individual neutrino. In figure 7 , we show the impact of a full three-dimensional calculation relative to the one- dimensional approximation where the mediator decay products follow the same direction as the mediator.
We can see that for the chosen parameter combination, the difference can be rather large, with the ratio reaching ∼ 1.5 at some points and with an average ratio of 1.28. However, we stress that this is a special case shown to highlight this effect, and in most cases, the effect will be much smaller. Thus, although we use the full three-dimensional calculation in all our simulations, the one-dimensional approximation will often be acceptable.
Complementarity between gamma ray and neutrino searches
In figure 8 , we show the ratio η as defined in eq. • The gamma ray limits are stronger at higher γL values. This agrees with our expectation as more mediators decay outside of the Sun give more gamma rays;
• The gamma ray limits are stronger for the bb channel than the τ + τ − channel as we get proportionally more gamma rays than neutrinos for the bb channel;
• The transition from gamma ray to neutrino domination is relatively deep inside the Sun at γL 0.1 R . The reason that we can get so many gamma rays even for such small γL values is that the tail of the decay probability distribution for the mediator outside the Sun is still large enough; • The transition between neutrino and gamma ray domination is not very sensitive to the DM mass m χ nor the decay channel. As we have seen before, we also do not expect a strong dependence on the mediator mass m Y ;
• The BBN constraint (shown here for τ * = 1 s) is not ruling out large parts of this parameter space. For the sake of completeness, we show in figure 9 the results for Y → τ + τ − with m Y = 4 GeV (note that the vertical scale here extends to an order of magnitude lower DM masses than in figure 8 ). As expected, the results for m Y = 4 GeV are very similar to those for m Y = 20 GeV. The BBN limit is less constraining in this case though, as expected from eq. (2.3).
As can be seen in figures 8 and 9, neutrino searches are more constraining in the left regions (low γL values). This is easy to understand as the probability for the mediator to decay outside of the Sun drops significantly for low γL values, whereas the neutrino fluxes are less affected. In fact, η can be arbitrarily small in the left part of these figures.
To explore this in more detail, in figure 10 , we show the ratio η versus γL for a few different DM masses m χ and the cases shown in the previous figures. It is evident that the transition between gamma ray domination (to the right in the figures) and neutrino domination (to the left in the figures) is very sharp. We also see that for high γL, the ratio η is significantly larger for small DM masses m χ . This makes sense as the sensitivity of neutrino telescopes rises approximately as E 2 ν where E ν is the neutrino energy. The typical neutrino energies will be proportional to m χ and hence we expect proportionally stronger limits from neutrino telescopes for higher masses, which is what we see. In spite of this Upper limits on the DM annihilation rate, Γ A versus the DM mass m χ from neutrino and gamma ray searches respectively for m Y = 4 GeV, Y → τ + τ − and γL = 0.1 R . Note that if we increase (decrease) γL, the most significant effect in this figure is that the Γ A curves for gamma rays move down (up). The region above the curves is excluded.
though, the transition from gamma ray to neutrino domination happens at roughly the same γL 0.1 R .
To get a more clear picture of the actual numbers and strengths of the signals involved, we show in figure 11 the limits on the DM annihilation rate Γ A from neutrinos and gamma rays for our three different cases. From this figure it is evident that the limit on Γ A from gamma rays depend strongly on γL. This is of course expected as essentially we are seeing the inverse of the probability that the mediator decays outside of the Sun. On the other hand, the limits on Γ A from neutrinos does not show an equally strong dependence on γL. We can understand this from the fact that the main effect we expect for neutrinos is that for large DM masses m χ , we get significantly less absorption for larger γL values since the mediator (in this case) decays away from the very dense region in the solar centre. In figure 11 , this is clearly seen as the neutrino curves give significantly better Γ A limits at high γL values for large DM masses. The difference in the limits at high and low γL values is more than two orders of magnitude for a DM mass of m χ = 10 4 GeV.
In figure 12 , we finally show the limit on the DM annihilation rate Γ A versus the DM mass m χ for Y → τ + τ − and m Y = 4 GeV. In this figure, we have set γL = 0.1 R , i.e., close to the transition region between gamma ray and neutrino domination. We can clearly see that at low DM masses, the gamma ray limits are the strongest, and for higher masses we get stronger limits from neutrino telescopes, first from Super-Kamiokande and then from IceCube. We also see that the most constraining gamma ray experiment for the DM masses we have considered is Fermi-LAT, except at the very high DM masses, where HAWC starts being more constraining. Note that if we increase (decrease) γL, the most significant effect in this figure is that the Γ A curves for gamma rays move down (up). If we decrease γL to very low values, the neutrino curves move up for the highest masses (due to absorption effects). This means that in most of the parameter space in figures 8 and 9, the strongest limits mostly 
In the left panel, we show our results as solid curves and the results from ref. [35] as dashed curves. In the right panel, we again show our results as solid curves, but compare with the limits coming from gamma ray searches as dashed curves. The region above the curves is excluded.
come from IceCube for neutrinos and Fermi-LAT for gamma rays. The exceptions are the lowest DM masses where the Super-Kamiokande limits are more constraining than IceCube for neutrinos, and the highest masses where HAWC is more constraining than Fermi-LAT for gamma rays.
The muon channel
In refs. [34, 35] , the authors investigate limits on secluded DM models from ANTARES and IceCube in a similar setup as we do here. However, they focus on mediator decay channels where neutrinos are expected to dominate. For instance, in ref. [35] , the authors focus on direct decay to neutrinos, decay to π + π − and decay to µ + µ − . To compare with the latter study, we will focus on the muon channel, i.e., Y → µ + µ − .
In the left panel of figure 13 , we show the limit on the annihilation rate, Γ ν A versus the boosted decay length γL. Note that we obtain qualitatively very similar results as in ref. [35] . However, our limits are a factor of 2-3 worse. We believe this is due to our (quite different) method for estimating upper limits.
On the other hand, we want to point out that even in case of mediator decay to muons, we do expect final state radiation off the muons. In our Pythia simulations, this effect is included. In the right panel of figure 13 , we compare our neutrino limits with the gamma ray limits. Interestingly, we find that the gamma ray limits are stronger than the neutrino limits also in this scenario. This is particularly evident at smaller DM masses, where the difference is more than an order of magnitude. At higher masses, the limits are more comparable. Compared to figure 11 we here show results for much larger γL values (to compare with the results in ref. [35] ). At high γL values, the increase in the Γ A limits is caused by a reduction in the flux at Earth due to the mediators decaying after 1 AU more often. To relate with the previous subsection, we show the ratio η = Γ ν A /Γ γ A in the (m χ , γL) plane in figure 14. This figure looks quite different compared to figures 8 and 9. The reason is that in the muon channel, only mediator decays outside the Sun contribute and hence the neutrino and gamma ray fluxes scale with γL in the same way. When we lower γL, we will get less muons decaying outside of the Sun, thus producing less gamma rays and neutrinos, whereas in figures 8 and 9, we get neutrinos also from the decays happening inside of the Sun.
Conclusions
In this paper, we have considered a scenario where DM particles annihilate at the centre of the Sun into a pair of long-lived mediators. These mediators are emitted back-to-back and propagate away from the annihilation point before decaying into a pair of stable SM particles. For a given value of the DM mass, mediator mass, mediator boosted decay length and decay channel, we predicted the energy spectra of neutrinos and gamma rays using our new version of the WimpSim code. This code allows us to handle the DM annihilations in the solar centre, and propagation and decay of resulting mediators. It also stores each neutrino produced in the mediator decay and propagates it from the mediator decay point to the detector, and handles all neutrino interactions and oscillations including interactions with the detector material. For gamma rays and charged cosmic rays, the differential fluxes from mediator decays are collected and stored.
In comparison with the standard scenario where DM particles annihilate in the centre of the Sun into short-lived SM particles that inject neutrinos close to the solar centre, we find that the long-lived mediator scenario leads to a harder neutrino spectra. As the boosted decay length γL of the mediators is increased, the mediators decay on average further out from the centre. Thus, the resulting neutrinos are subjected to much less interactions with the solar material before reaching the solar surface, thereby leading to a harder energy spectrum. This is of particular importance for neutrino telescopes as they are significantly more sensitive at higher neutrino energies.
For mediators that decay outside the Sun, other messenger particles of interest can be produced in the mediator decays and propagate to a detector on Earth. Here we have focused on gamma rays which are produced in the mediator decays from the decays of hadrons and in final state radiation from charged particles.
We find that the spectra of gamma rays and neutrinos mainly depends on the DM mass, the (boosted) decay length and decay channel of the mediator, whereas the mediator mass plays a sub-dominant role. For instance, the DM mass determines the maximally possible neutrino or gamma ray energy, the decay length determines the impact of solar absorption on the energy spectrum for neutrinos, and the normalisation of the spectrum for gamma rays. On the other hand, the decay channel determines how the neutrinos and gamma rays are produced, and hence impacts the shape of the spectrum.
To assess the strength of neutrino and gamma ray searches in the long-lived mediator scenario, we have compared our predictions against the neutrino observations from IceCube and Super-Kamiokande, and gamma ray observations from Fermi-LAT, HAWC and ARGO. We have also compared the limit that neutrino and gamma ray searches respectively can place on the DM annihilation rate Γ A for the long-lived mediator scenario, and looked at their ratio which determines the relative strength of the two searches. We found that gamma ray searches are most constraining for γL 0.1 R , while the sensitivity drops rapidly below this value in favour of neutrino telescopes. For the τ + τ − decay channel of the mediator, which produces a harder neutrino spectrum, the neutrino telescopes are somewhat more sensitive at higher DM masses, also for larger γL. However, limits from gamma ray telescopes are still significantly stronger above γL ∼ 0.1 R . We have performed our comparison between neutrino and gamma ray searches using approximations of the experimental limits. We want to emphasise though that our results depend very strongly on γL so even if the limits are improved by a factor of a few (with e.g., a more accurate study or improved understanding of the gamma ray backgrounds), the general feature with a dividing line between the two searches at γL 0.1 R is expected to remain.
Although gamma ray limits tend to be much more constraining for γL 0.1 R , there is still considerable strength in a multi-messenger approach, in particular, when it comes to the characterisation of the expected solar atmospheric background of neutrinos and gamma rays formed in cosmic ray cascades in the Sun. This mechanism is expected to produce both gamma rays and neutrinos with similar fluxes, whereas a signal from mediator decays could (depending on the decay channel) produce gamma ray and neutrino fluxes that differ to a much larger extent. Thus, a multi-messenger approach is highly useful to disentangle any potential DM signal from known astrophysical backgrounds. (e.g., hard spectras like τ + τ − or W + W − , or soft spectra like bb). The latest results derived in such a setting are the IceCube 3-year data [22] and the Super-Kamiokande low-mass analysis [51] . Exceptions to this assumption is the IceCube 79-string data [75] where results are instead provided in a likelihood formalism applicable to any DM model. Unfortunately, results like these are not available for the latest results from neither IceCube nor Super-Kamiokande. To use the latest results, we will instead develop a method to derive approximate limits on more general DM models using the published results for generic WIMP models. We first note that our spectra from mediator decays will not be dramatically different than the generic WIMP models in most cases considered in refs. [22, 51] . However, especially for larger γL, our spectra will be harder (due to less absorption), thus we cannot use the results presented in the mass-channel plane (e.g., table 4 in ref. [22] ) directly. In figure 15 , we reproduce the limits on the neutrino-to-muon conversion rate Γ ν→µ + µ − (including both neutrinos and antineutrinos) from IceCube [22] 3 and on the muon neutrino flux Φ νµ (not including anti-neutrinos) from the low-mass analysis of Super-Kamiokande [51] . Here Φ νµ is defined as the flux of muon neutrinos per area, whereas Γ ν→µ + µ − is defined as the number of muons and antimuons produced per volume element from neutrino and anti-neutrino nucleon interactions. In these figures, it is evident that the limits for a given mass are quite dependent on the annihilation channel (i.e., on the actual shape of the neutrino spectrum). This makes it difficult to use these limits for more general DM models. Here we will try to map these limits onto another quantity that contains information about the (shape of the) spectrum in a better way, i.e., we need a normalising quantity that contains information about the spectrum in a more general way than the mass and annihilation channel.
To find this normalising quantity, we first note that what we are really after is a quantity that contains the shape of the neutrino spectrum, or rather how detectable it is in a neutrino telescope. That is, for a given total neutrino flux, how many events do we actually expect? A harder spectrum will be easier to detect than a softer one, even if the total number of neutrinos would be the same and hence, the limit on the harder neutrino flux would be stronger than on the softer one. The detectability of a neutrino is roughly proportional to the energy of the neutrino squared, E 2 ν . Here one factor of E ν comes from the neutrino-nucleon cross section being proportional E ν , and the other comes from the muon range being proportional to the muon energy and hence also to E ν . We then define the following normalising quantity In both cases, we will use E min = 1 GeV. Note that in eq. (A.1), we only include muon neutrinos, whereas in eq. (A.2), we also include muon anti-neutrinos. This is because SuperKamiokande gives results only for muon neutrinos, whereas IceCube gives results on the sum of muon neutrinos and muon anti-neutrinos.
In figure 16 , we show the same limits as in figure 15 , but now versus our normalising quantitiesĀ for IceCube and E 2 νµ for Super-Kamiokande. We can clearly see that with this procedure, we have managed to reduce the spread of upper limits for different masses and annihilation channels.
We have fitted the limit curves in figure 16 For Super-Kamiokande, we expect the fitting function to go as E 2 νµ −1 (as the limits should be proportional to the inverse of the number of detectable events) and this is very close to what we see. We use the exponent −0.97 instead of −1 as it gives a slightly better fit. For IceCube, there is still some spread. In this case, we will also need to extrapolate to higher A-values (as our spectra for large DM masses is harder than the hardest one simulated in ref. [22] ). Again, we expect the limits on the neutrino flux to be inversely proportional to the number of detectable events. Here we instead use the limits on the neutrino-to-muon conversion rate. We have verified by simulations that the neutrino-to-muon conversion rate Γ ν→µ + µ − ∝ (Φ νµ + Φν µ )Ā 0.28 , hence we expect the limits on Γ ν→µ + µ − to go asĀ −0.72 which is the fitting function we have used in eq. (A.3). We have also verified that if we instead convert the limits on the neutrino-to-muon conversion rate in ref. [22] to limits on the neutrino flux and use a fitting function that goes asĀ −1 , we would get very similar results.
We use these fitting functions to derive approximate limits on more general DM models in the following way:
1. For a more general neutrino spectrum from DM annihilation, calculateĀ and E 2 νµ .
2. Using the functions in eq. (A.3), calculate the approximate limits on the neutrino-tomuon conversion rate Γ * IC (Ā) for IceCube and on the muon neutrino flux Φ * SK ( E 2 νµ ) for Super-Kamiokande.
3. Calculate the total neutrino-to-muon conversion rate Γ tot and the flux of neutrinos Φ tot for our DM model, These correspond to the upper limits shown in figure 12 . In figure 11 , we instead show the minimum of these two limits, i.e., the most constraining one. For IceCube, we expect this method to be good to about a factor of 2, whereas for Super-Kamiokande we expect the method to be good to about 25%.
Remark:
For the IceCube analysis, we could have used the results in ref. [75] which allows for a more accurate analysis of generic DM models. For the scope of our paper, the more approximate method employed here is good enough, and it also allows us to use the more recent IceCube 3-year data in ref. [22] . We don't expect the results to be significantly different if we instead use the results in ref. [75] .
